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Abstracr-The problem of drawing maximum power from an n port by suitably terminating it with another passive n port is studied. Methods are derived for determining sets of passive impedance matrices which are "optimal" in the sense that they draw maximum power from a given n port. It is shown that, in all nontrivial cases, if there exists any (passive or otherwise) optimum-load impedance matrix, then there exist, in fact, infinitely many passive optimum-load impedance matrices.
INTRODUCTION
T HE maximum power-transfer problem for it ports has been studied by several authors [I], [2] . Consider the network shown in Fig. 1 , and suppose the vector of source voltages e and the source impedance matrix Z, are fixed. The problem is to determine a load impedance matrix Z, which has the property that it draws the maximum possible power from e.
The best results available to date are due to Desoer [a] . His results are briefly summarized here in the interests of completeness. In order to obtain a simple solution to this problem, we treat i as the independent variable instead of Manuscript received March 12, 1973; revised August 6, 1973. (1) = *(e*i + i*e -i*(Z, + Z,*)i) (2) where (*) denotes conjugate transpose.
Since P, is a quadratic form in i, it is very straightforward to characterize "optimal" i. The details can be found in [2] . Case I): Z, + Z,* is positive definite. Let i, = (Z, + Z,*)-'e.
Any Z resulting in this value i, for i is "optimal" in the sense that it draws maximum power. Note that, by Kirchhoff's voltage law, we must also have 1 ne autnor IS on leave from the Department of Electrical Engineering, Sir George Williams University, Montreal, Canada.
IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS, MAY 1974 Thus, from (3) and (4), we get has an infinite number of solutions for i. Any Z, satisfying Z,i = Z,*i (7) where i is any solution of (6), is optimal.
Case 3b): Z, + Z,* is positive semidefinite, and e does not belong to the range of Z, + Z,*. No optimal i exists in this case.
PROBLEM FORMULATION While Desoer's results are very comprehensive, they do not include any special considerations about the passivity or otherwise of the load impedance matrices. From a practical point of view, it is of interest to draw maximum power from the given II port using a passive load, especially from design considerations. The results of this paper are addressed to the maximum power-transfer problem for IZ ports when the load impedance matrix is required to be passive, and it is further required that the network obtained by interconnecting Z, and Z, be solvable. For our purposes, an n x n matrix Z, or equivalently an element Z of C" '", is considered to be passive if Z + Z* is positive semidefinite.
The problem under consideration can be stated as follows: suppose e and Z, are given and that we are in Case 1) or Case 3a), so that at least one optimum-load impedance matrix exists. We wish to determine one or more matrices Z in C" ' " satisfying the following three conditions : a) Zi, = Z,*i, for some solution i, of (6) (optimality); b) Z + Z* is positive semidefinite (passivity); c) Z + Z, is nonsingular (solvability).
We remark that, in Case l), Z = Zs* is an impedance matrix that satisfies all three conditions, while in Case 3a), 2 = Z,* satisfies a) and b), but not c). In this paper, we prove much stronger results. We make the following rather natural assumptions : 1) n 2 2, i.e., the one port case is excluded; 2) e # 0, i.e., the source voltages are nontrivial.
Subject only to these two assumptions, we show that there exist, in fact, infinitely many matrices in C""" satisfying conditions a), b), and c). Methods of generating such matrices are also given. These results are particularly useful in Case 3a), when the natural choice Z = Z,* is unsuitable because it results in an indeterminate network (since Z, + Z,* is singular). Some comments are in order regarding the given formulation of the problem. First of all, it should be noted that we are tackling the problem of maximum power transfer at a single frequency (say 0). Thus, in conditions a), b), and c), it should be understood that Z and Z, are, in fact, Z(jo) and Z,(jw). In the case of resistive y1 ports, of course, conditions a), b), and c) characterize the maximum powertransfer problem at all frequencies.
Secondly, for the purposes of this paper, we define a load impedance matrix Z to be passive if b) holds. Physically, this condition ensures that if Z is driven by a sinusoidal (vector) current source of frequency w, then the net energy flow is into Z. Now, as o is varied and the maximum power-transfer problem is solved for all w, then the resulting optimal Z(jw) will satisfy b) for each o. However, this does not mean that all poles of Z(s) lie in the closed left halfplane. It does not appear to be possible to overcome this problem in a simple way.
CONSTRUCTIVEPROCEDURES
Consider first condition a). The set of all matrices Z in C "xn satisfying a) (for fixed i,) can be characterized very simply. Let IV(&) denote the (n' -n) dimensional subspace of C""" consisting of all matrices that map i, into the zero vector. Then, the set S of all Z satisfying a) is given by s = {ZE cnxn: Z = Z,* + Z,, Z, E N(i,)>.
The proof of (8) In order for (8) to be useful, we must be able to determine the subspace N(i,) explicitly. This is easily done. First of all, note that assumption 2) together with (6), implies that i, # 0. Thus we can normalize i, to be of norm one, or equivalently, we can assume that jli,ll = 1. Let {io,uz, -. * ,v,} be any orthonormal basis for C". (Such a basis can be easily generated using the Gram-Schmidt procedure.) Let T denote the unitary matrix (9) Then, N(iJ consists of all the matrices of the form TMT*, where M is any matrix whose first column is identically zero. Equivalently, IV(&) is the space generated by the n2 -n matrices The proof of this last statement is as follows. Let Z, be a matrix in C" ' n. Then, the representation of Z, with respect to the basis {iora2,. . . ,u,} is given by the matrix M = T*Z,T. Now the condition that Z,i, = 0 simply means that M must map the vector [lo-. -01' into the zero vector, or, equivalently, that the first column of M is identically zero. Since Z = TMT*, we see that N(i,,) consists of all matrices of the form TMT*, where the first column of M is identically zero. Thus we have identified all matrices satisfying a).
Next, consider condition b). Clearly, if 2, and Z, are passive impedance matrices, then so is Z, + Z,. So if Z, is any passive element of N(i,), then Z = Z, + Z,* is a passive element of S and, therefore, satisfies both conditions a) and b). (Note that Z,* is passive, since we assume that we are in either Case 1) or Case 3a).) Thus we seek passive elements of N(i,). Now, suppose Z, = TMT* is an element of N(i,). Then, it is easy to see that Z, is passive, if and only if M is passive. One can think of M as the representation of the matrix operator Z, with respect to the basis { io,vz, * * -,v,}. Thus let M be any passive matrix whose first column is identically zero. (It is clear that there are infinitely many such matrices. For example, M = diag {O,CI~, * * * ,a,,}, where Re CL~ 2 0 for j =' 2, * . . ,n. In fact, all such matrices form a convex cone in C"'".) Then Z,* + TMT* satisfies both a) and b).
Consider now condition c). Here we are forced to make a distinction between Cases 1) and 3a). First, suppose Z, + Z,* is positive definite. We can show very easily that there exist infinitely many Z E S satisfying a), b), and c). Suppose M = diag {0,a2; * .,a,} where the aj are all real and aj 2 0 forj = 2, * * * ,n. Then, Z = Z,* + TMT* satisfies a) and b). Further, 2 + Z, = Z, + Z,* + TMT* is the sum of a positive definite matrix and positive semidefinite matrix, whence Z + Z, is itself positive definite, and therefore nonsingular. Hence, Z satisfies a), b), and c). Alternatively, let M be any passive matrix whose first column is identically zero and consider Z = Z,* + cTMT*, where c is a positive real number. Then, Z + Z, = Z, + Z,* + cTMT*. Since Z, + Z,* is nonsingular, so is Z + Z, for small enough values of c. In fact, [4, p. 5841 Z + Z, is invertible whenever 0 I c < 1/(11(Z, + Z,*)-' 11 * l/MI]). Either way, we see that there exist infinitely many impedance matrices satisfying conditions a), b), and c), Now suppose we are in Case 3a), so that Z, + Z,* is singular. In this case, (6) has infinitely many solutions. Let i. denote the solution of (6) with minimum norm, and form the matrix T as before.' In what follows, we show that, whenever M is a block diagonal matrix of the form where M, is Hermitian and positive definite, the matrix Z = Z,* + TMT* satisfies conditions a), b), and c). We prove this by means of two lemmas.
Lemma I: Let P be a Hermitian positive semidefinite matrix with pr I > 0, and let M be as in (10) et seq. Then, P + M is positive definite.
Proof: Consider the triple product x*(P + M)x. We wish to show that x*(P + M)x = 0 implies that x = 0. Partition x as [x1 1 y']'. Then, x*(P + M)x = x*Px + y*M,y. Since P + M is at least positive, x*(P + M)x = 0 implies that x*Px = 0 and y*M,y = 0. Since M, is positive definite, it follows that y = 0, where x*Px = PlllXl12 = 0. Since pi I > 0, lx11 = 0, where x = 0.
Q.E.D. Lemma 2: Let i, be the solution of (6) with minimum norm. Then, e*i, > 0.
Proof: Assumption 2) implies that i, # 0, as well as that Z, + Z,* # 0. Let {w,, . * . ,w,} denote an orthonormal set of eigenvectors for Z, + Zs*, corresponding to the eigenvalues {i,J2;~~,&,,0; + *,O}, where ~j > 0 for j = I,*** ,m I n -1. Then, since e belongs to the range of Z, + Zs*, we have (11) where the summation in (11) (14) and choose Z = Z,* + TMT*, where M is given by (10). Then, Z + Z, = T(P + M)T*, and Z + Z, is nonsingular, if and only if P + M is nonsingular. However, note that a) P is positive semidefinite; and b) prl = i,*(Z, + Z,*)i, > 0, by Lemma 2. Hence, by Lemma] 1, P + M is positive definite and therefore nonsingular. Thus we see that Z satisfies all three conditions a), b), and c). In fact, by proceeding as with Case I), one can easily show that Z = Z,* + T(M + M,)T*, where M is given by (lo), also satisfies a), b), and c) whenever the first column of M/ is identically zero and the norm of M, is small enough. Hence, even in Case 3a), there exist infinitely many passive optimal-load impedance matrices.
SUMMARY
In summary, the procedure for generating sets of optimal passive impedance matrices is as follows.
1) Obtain the solution of (6) with minimum norm (or the unique solution of (6) in case Z, + Z,* is nonsingular).
2) Form the orthonormal basis {i0,u2, * * . ,u,} and the matrix T.
3) Let M be a matrix of the form (lo), and let M, be a matrix whose first column is identically zero. Then, Z = Z,* + T(M + cM,,)T* satisfies conditions a), b), and c) for small enough values of the constant c, including c = 0.
ILLUSTRATIVE EXAMPLES
Example 1 1 One can easily determine i. using the procedure in [3] . See specifically Remark (4) on p. 216.
Consider the network in Fig. 1 , and let In this case, one can easily verify that Z, + Z,* is positive semidefinite and that e belongs to the range of Z, + Z,*. Furthermore, the solution of (6) 
